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ABSTRACT. In this paper the concept of an intuitionistic L-fuzzy prime
submodule of M is given, and some fundamental lemmas are proved. Also
a characterization of an intuitionistic L-fuzzy prime submodule is given.
Finally, we show that an intuitionistic L-fuzzy prime submodule is inherited
by an R-module epimorphism.
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1. INTRODUCTION

A tanassov in [2, 4, 5] introduced the notion of an intuitionistic fuzzy subset A
of a non-empty set X as a function from X to [0,1] x [0,1] as a generalization of
fuzzy set given by Zadeh [21] which is a function from X to [0,1]. Atanassov and
Stoeva in [3] generalized the notion of intuitionistic fuzzy subset of X to that of an
intuitionistic L-fuzzy subset, namely a function from X to lattice L x L which is also
a generalization of L-fuzzy set given by Goguen [9]. The development of Algebra
in fuzzy setting are very much evident in the book of Kandasamy [13], Mordeson
and Malik [15]. Acar in [1] gave the L-fuzzication of the notion of prime submodules.

In [8], Biswas considered the intuitionistic fuzzification of algebraic structures and
introduced the notion of intuitionistic fuzzy subgroup of a group. Hur et al. [10],
introduced and examined the notion of an intuitionistic fuzzy ideal of a ring. Rah-
man, Saikia in [17], Isaac, John in [11], and Sharma in [18] studied some aspects of
intuitionistic fuzzy submodules. Since then several authors have obtained interest-
ing results on intuitionistic L-fuzzy subgroup of the group G, intuitionistic L-fuzzy
subring and ideal of the ring R and BP-Algebras, for example: see [16], [7] and [12].

In [6] the notion of intuitionistic fuzzy prime ideal of a ring over [0, 1] is given in
terms of intuitionistic fuzzy singletons and the intuitionistic fuzzy prime spectrum
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of a ring is studied by Sharma and Kaur in [19]. The annihilator of intuitionistic
fuzzy prime modules is discussed in [20]. In Section 3 of this paper, we general-
ize their definition to any complete lattice L when R is a commutative ring with
identity. In Theorem (3.6) we give a characterization of intuitionistic L-fuzzy prime
submodules which is one of the original results obtained in this paper. In Section
4, we investigate the behaviour of intuitionistic L-fuzzy prime submodules under
R-module homomorphisms, which constitutes another original result of our work.

2. PRELIMINARIES

Throughout the paper R is a commutative ring with identity, M a unitary R-
module with zero element §. Let (L, <) be a lattice such that (L, V, A0, 1) be a
complete lattice with least element 0 and greatest element 1, where a Vb = lub{a, b}
and a A b = glb{a,b} for all a,b € L and " is the order-reversing involution on L.

Let a,b € L. Then b is called a complement of a if aVb = 1 and aAb = 0. We write
b=a.Thus1 =0,0 =1and (') =a,Vae L. Ifa<bthenb <da, Va,beL.

An element @ € L,1 # q, is called a prime element in L if for all a;b € L if
aNb< aimpliesa < aorb<a.

If p,v are L-fuzzy submodules of an R-module M such that v C u. Then v is
called an L-fuzzy prime submodule of y if r¢, x5 be any two L-fuzzy point of R and
M respectively (r € R,z € M,t,s € L), ryzs € v implies that either x4 € v or
i C v. In particular if u = xp, then v is called an L-fuzzy prime submodule of

M ([1]).

Given a nonempty set X, an intuitionistic L-fuzzy subset A of X is a function
A = (pa,va) : X — L x L with the condition that va(z) < (pa(z)),Va € X,
where 7" is the order-reversing involution on L. When v4(z) = (ua(z)) vz € X,
then A is called an L-fuzzy subset of X. We denote by ILFS(X) the set of all
intuitionistic L-fuzzy subsets of X. For A, B € ILFS(X) we say A C B if and only
if pa(z) < pp(z) and va(z) > vp(x) for all x € X. Also, A C B if and only if
AC Band A # B.

Let A € ILFS(X) and p,q € L. Then the set Ay, = {z € X : pa(z) >
p and va(z) < g} is called the (p,q)-cut subset of X with respect to A. By an
intuitionistic L-fuzzy point (ILFP) x(,q) of X,z € X and p,q € L\{0} such that
pVq <1, wemean x(,, € ILFS(X) defined by

(p,9) (0,1), if otherwise.

If 2y, ¢) is an intuitionistic L-fuzzy point of X and z(, 4 € A € ILFS(X), we write
T(pq) € A. Let A= (pa,va) be an ILFS of X and Y C X. Then the restriction of
2
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A to the set Y is an ILFS Ay = (4, ,va4, ) of Y and is defined as:

s (y) = waly), ifyeyY v (y) = valy), fyey
Av 0, if otherwise ' Y 1, otherwise.
The following are two very basic definitions given in [14] and [19].

Definition 2.1. Let A € ILFS(R). Then A is called an intuitionistic L-fuzzy ideal
(ILFI) of R, if for all z,y € R, the followings are satisfied:

(i) pa(z —y) = palz) A paly),

(il) pa(zy) > pa() vV paly),

(iil) va(z —y) < va(z) Vrvaly),

(iv)va(2y) < va(z) Avay).
Definition 2.2. Let A € ILFS(M). Then A is called an intuitionistic L-fuzzy
module (ILFM) of M, if for all x,y € M,r € R, the followings are satisfied:

(i) pa(z —y) = palz) A paly),

(i) pa(re) = pa(z),

(iii) pa(0) =1,

(iv) va(z —y) <wa(z) Vwvaly),

EV va(rz) <wva(z),

vi)ra(0) = 0.

Let IFL(M) denote the set of all intuitionistic L-fuzzy R-modules of M and
IFp(R) denote the set of all intuitionistic L-fuzzy ideals of R. We note that when
R =M, then A € IF,(M) if and only if pa(0) =1,v4(0) =0 and A € IF(R).

Definition 2.3. Let C € ILFS(R) and B € ILFS(M). Define the composition
C o B and product CB respectively as follows: for all w € M,

Suplpc(r) Aup(z)] iftw=rz,re RoxeM
MCOB(w) = . . .
0, if w is not expressible as w = rx

voop(w) = {I”f[VC(T) Vvg(z)] fw=rz,re ReeM

1, if w is not expressible as w = rx
and
Sup[Infl{pc(ri) ANpup(z:)}] if w=3¥r rz,r € Ryx; € M,ne N
pep(w) = . . .
0, if w is not expressible as w = X', r;x;

vop(w) = Inf[Supl {vc(r:) Vvp(z:)}] ifw=Xl rz,r € Ryx;e M,ne N
“B B 1, if w is not expressible as w = X!, r;z;,

where as usual supremum and infimum of an empty set are taken to be 0 and 1
respectively. Clearly, C o B C CB.

The following lemma can be found in [6, 14]. Tt gives the basic operations between
intuitionistic L-fuzzy ideals and intuitionistic L-fuzzy modules where L is a complete
lattice satisfying the infinite distributive law.

3



Sharma and Kanchan /Ann. Fuzzy Math. Inform. x (201ly), No. x, XXX—XXX

Lemma 2.4. Let C € IFL(R),A,B € IF(M) and let L be a complete lattice
satisfying the infinite distributive law.

(1) CBC A if and only if C o B C A.

(2) T(st) € ILFS(R),x(p7q) € ILFS(M) be ILFPs. Then T(s,t) © L(p,q) =
(Tx)(s/\p,t\/q) .

(3) If uc(0) = 1,v(0) =0 then CA € IFL(M).

(4) Let r(s4) € ILF'S(R) be an ILFP. Then for all w € M,

Sup[s Apup(z)] ifw=rx,r€ R,x e M
/U‘T(s,t)OB(w) = . . . _
0, if w is not expressible as w = rz

and
InfltVvp(x)] ifw=rz,re RxeM

V’r'(s,t)oB(w) = . . .
1, if w is not expressible as w = rx.

The following theorem gives a relation between an intuitionistic L-fuzzy mod-
ules on M and submodules of M. It is a very practical method to construct an
intuitionistic L-fuzzy module on M.

Theorem 2.5. Let A € ILFS(M). Then A is an intuitionistic L-fuzzy module if
and only if for all o, 8 € L with oV 3 < 1 such that A, gy is an R-submodules of
M.

Proof. Simple proof g

Definition 2.6 ([0]). For a non-constant C' € IFy(R),C is called an intuitionis-
tic L-fuzzy prime ideal of R, if for any intuitionistic L-fuzzy points x(, q), Y(rs) €
ILFS(R), Z(p,q)Y(r,s) € C implies that either Z(p,q) € C or Y(r,s) € C.

3. INTUITIONISTIC L-FUZZY PRIME SUBMODULES

In this section, we will give a characterization of an intuitionistic L-fuzzy prime
submodule of M.

Definition 3.1. For A, B € IF; (M), B is called an intuitionistic L-fuzzy submodule
of A, if BC A.

In particular, if A = y s, then we say B is an intuitionistic L-fuzzy submodule of
M.

Definition 3.2. Let B be an intuitionistic L-fuzzy submodule of A, B is called an
intuitionistic L-fuzzy prime submodule of A, if r(4) € ILFS(R), 2,4 € ILFS(M)
(r € Ryx € M,s,t,p,q € L), 7(s)T(p,qy € B implies that either z¢,, € B or
7”(37,5)14 g B.

In particular, taking A = x s, if for 7( ) € ILFS(R), x(, ) € ILFS(M) we have
T(s,0)T(p,q) € B implies that either z(, o) € B or r(5)Xnm € B, then B is called an
intuitionistic L-fuzzy prime submodule of M.

The following theorem says that intuitionistic L-fuzzy prime submodule and in-
tuitionistic L-fuzzy prime ideals coincide when R is considered to be a module over
itself.

4
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Theorem 3.3. If M = R, then B € ILFS(M), is an intuitionistic L-fuzzy prime
submodule of M if and only if B € IF(R) is an intuitionistic L-fuzzy prime ideal.

Proof. Let B be an intuitionistic L-fuzzy prime submodule of M. Since B € I F, (M)
and R is a commutative ring, B € IFy(R).
For Q(p,q)s b(s,t) e ILFS(R), a(pﬂ)b(s,t) € B implies Q(p,q) € B or b(s,t)XM C B.
If a(p,q) € B, then B is an intuitionistic L-fuzzy prime ideal.
If bes,yxm € B, then for each m € M,

b, oy X (bm) < pp(bm)
and
Vb, XM (bm) > v (bm).
Since R has identity, b = b1 and pup, ,,xa(b1) = s < pp(b) and vy, XM (b1) =t >
vp(b). Thus s = uy, ,,(b) < pp(b) and t = vy, ,, (b) > vp(b). So b(s,) € B.
Conversely, let B be an intuitionistic L-fuzzy prime ideal of R. Then B C xgr and
B e IF,(M). Now, let T(s,)%(p,q) € B, for any T(s,t) € ILFS(R), ZT(p,q) € ILFS(M).
If z(,,4) € B, then B is an intuitionistic L-fuzzy prime submodule of M.
If 2(p,q) ¢ B, then r(, 4 € B. Thus by the definition of intuitionistic L-fuzzy ideal
of R,

Brs oyxm (rm) =s < pup(r) < pp(rm)
and
Vrs,oyxm (Tm) =t> VB(T) > I/B(Tm).
So 7(s,5xm € B. 0

The following theorem, which relates intuitionistic fuzzy submodule to prime
submodules of the module, will be needed in the proof of Theorem 3.6.

Theorem 3.4. Let B be an intuitionistic L-fuzzy prime submodule of A. If B gy #
Ala,p), ;B € L, then B gy is a prime submodule of A, pg)-

Proof. Let B(a,p) # A(a,) and 7@ € B, gy, for some r € R,z € M. If rx € B, ),
then pp(rr) > a and vp(re) < B. Thus (r7)q,8) = 7(a.8)T(a,8) € B. Since B is an
intuitionistic L-fuzzy prime submodule of A, either x(, g) € B or r( 5 A C B.
Case(i): If 2(4,) € B, then up(x) > o and vp(r) < . Thus = € B, g)-
Case(ii): If (.54 C B, then for any w € 7A(,,5),w = 7z, for some z € A, g
Thus pa(z) > « and v4(z) < 8. On the other hand,

a=aipa(z) <Suplanpa(z):w=rr}=p,, ,aw) < pp(w).
Similarly, we have
B=pBVva(z) > Inf{BVrva(z): w=raz}=uv,, ,a(w)>vg(w).
So w € B,,5)- Hence 1A, 3) € B(a,p)- Therefore B, g) is a prime submodule of
Ala,B)- O
Corollary 3.5. Let B be an intuitionistic L-fuzzy prime submodule of M. Then
B.={zx e M:ug(z)=pp®) and vg(z) =vp(0)}

is a prime submodule of M.
5
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Proof. Clear from Theorem 3.4 as B(, g) = B., when a = pp(f) and = vp(0). O

The following theorem is the main result of section 3. It generalize the work of
[10] from [0, 1] to a complete lattice L.

Theorem 3.6. (1) Let N be a prime submodule of M and « a prime element in L.
If A is an ILFS of M defined by

MA(x):{a, ifreN VA(m):{o,l ifyeN

. . b .
if otherwise « , otherwise,

for allz € M, where o is complement of ain L. Then A is an intuitionistic L-fuzzy
prime submodule of M.
(2) Conversely, any intuitionistic L-fuzzy prime submodule can be obtained as in

(1).

Proof. (1) Since N is a prime submodule of M, N # M, we have that A is non-
constant intuitionistic L-fuzzy submodule of M. We show that A is an intuitionistic
L-fuzzy prime submodule of M.

Suppose 754y € ILFS(R), x4 € ILFS(M) are such that 7 (4 € A and
Tpa) ¢ A /

If 259 ¢ A, then pa(z) = o and va(z) = . Thus z ¢ N.

70T pq) €A, then ey 0, 00 (rz) < pa(re) and v
Thus s Ap < pa(rz) and tV g > va(rz).

If pa(re) =1 and va(rz) = 0, then rz € N. Since x ¢ N and N is a prime
submodule of M, we have rM C N. Thus pa(rm) = 1 and v4(rm) = 0, for all
m € M. So pir, yxn(rm) =5 < pa(rm) and vp , x,, (rm) =t > va(rm).

(ra) > va(ra).

(sAp,tVaq)

If pa(rz) = o and v4(z) = o, then sAp < aand t V¢ > a'. As « is prime
element of L, we have s Ap < a and p £ « implies s < aand t V ¢ > o implies
tv q' > « and q' ;ﬁ « implies t < a, ie., t> o . Thus for all w € M,

Hrs vyxnm (w) =s<a< FLA(w) and Vris,oyxm (w) =t2 O‘/ > VA(w)'

So r,nxm € A. Hence A is an intuitionistic L-fuzzy prime submodule of M.

(2) Let A be an intuitionistic L-fuzzy prime submodule of M. We show that A

is of the form

1, ifzeN 0, ifyeN
pa(z) = . L 3ovalz) =
«, if otherwise

for all x € M, where o is complement of the prime element « in L.

Claim (1): A, = {z € M : pa(xz) = pa(f) and va(xz) = v4(0)} is a prime
submodule of M.

Since A is a non-constant intuitionistic L-fuzzy prime submodule of M, A, # M.
For all r € R,m € M, if rm € A, implies pa(rm) = pa(0) and v4(rm) = va(6) so
that (7M) (ua(0)va(0) = T(1a(0)wa0)M(na(@)wa(©) € As Then M, 9),04(0)) € A o
T(ua(0)wate) XM S A.

Case(i): If m,,0),0400) € A, then pa(0) < pa(m) and v4(0) > va(m) but
1a(0) > pa(m)and va(0) < va(m) [by definition of ILFSM]. Thus pa(m) = pua(0)
and va(m) =va(0). Som € A..

’ .
« , otherwise,

6
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Case(ii): If 7(u,(0),0a0)XM € A, then pa(0) < pa(rm) and va() > va(rm).
Thus rm € A,, for all m € M. On the other hand,

6 e N and pa(0) =1,v4(6) = 0.

So for all z € Ay, ua(f) = pa(x) =1 and v4(0) = va(x) = 0. Hence A, = N.
Claim (2): A has two values.
Since A, is a prime submodule of M, A, # M. Then there exists z € M\ A,.
We will show that for all y € M such that y € A,,

pa(y) = pa(z) < pa(f) and va(y) = va(z) > va(f).

Then z € A.. Thus pa(z) <1 = pa(f) and va(z) > 0 = va(f). so z,0) ¢ A and
Hpa(2)wa() = 210 Lna(a)wa() € A Henee 1,y a2 xm S A. Since w = 1w,
for all w € M, we have pa(z) < pa(w) and v4(z) > va(w).

Let w =y. Then pa(z) < pa(y) and va(z) > va(y). Similarly, pa(y) < pa(z)
and va(y) > va(2). Thus pa(2) = pa(y) and va(z) = va(y). /

Claim (3): Let pa(z) = o and va(z) = a , where « is prime element in L and «
be its complement in L. First, let sAp < aand tVgqg> 04/, ie., t A q/ < «a and let
P % a and q/ % Q.

Suppose € M\A,. Then z¢, ) ¢ A. Thus 15 4)T(pq) = T(sapivg € A So
Lsyxm € A, and for all w € M, pn, , x, (W) < pa(w) and v1,, xo, (0) > va(w).

Let w = 2. Then s = p1, ,xu (W) < pa(z) = aand t = v,y (0) > va(z) =
a'. Thus s < a and t < . Thus, every intuitionistic L-fuzzy prime submodule of
M is of the form

1, ifxeN 0, ifxeN
0/7 otherwise,

Halw) = {oz7 if otherwise Povale) =

for all x € M, where o is complement of the prime element o in L and N is a prime
submodule of M. O

This theorem is particularly useful in deciding whether of not an intuitionistic
fuzzy submodule is prime. The following example illustrate this.

Example 3.7. Let M = Z be a module over R = Z. Then

() 1, ifx €32 () 0, ifx €32
xr) = ) VAl ) = .
pa 0.25, if otherwise A 0.75, otherwise

is an intuitionistic L-fuzzy prime submodule of Z, since 3Z is prime submodule of
Z and 0.25 is a prime element in [0, 1].

4. INTUITIONISTIC L-FUZZY PRIME SUBMODULES OF HOMOMORPHIC MODULES

In this section, we investigate the behaviour of intuitionistic L-fuzzy prime sub-
modules under an R-module epimorphism. Firstly, we recall the definition of image
and inverse image of an intuitionistic L-fuzzy subset under a R-module homomor-
phism. From now on, M and M; are R-modules.

7
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Definition 4.1. Let f be a R-module homomorphism from M to My, A € ILFS(M)
and B € ILFS(Mjy). Then f(A) € ILFS(M;) and f~*(B) € ILFS(M) are defined
by: Yw € My and Vm € M,

_ J(Sup{pa(m) :m e f7Hw)} Inf{va(m) :m € f~H(w)}), if f7H(w) # ¢
fA)(w) = {(0, 1), otherwise )

and f~1(B)(m) = (up(f(m)),vs(f(m))).

In the next two theorems we show that, both the image and inverse image of an
intuitionistic L-fuzzy prime submodules under a R-module epimorphism are again
intuitionistic L-fuzzy prime submodules. Here we need to assume that the complete
lattice L is distributive.

Theorem 4.2. Let f be an R-modules epimorphism from M to My, and suppose
that L is distributive. If A is an intuitionistic L-fuzzy prime submodule of M such
that Xkery C A, then f(A) is an intuitionistic L-fuzzy prime submodule of M.

Proof. Let wy,ws € M. Then
frg(ay (W) A prpcay(w2)
= [Sup{pa(mi) : f(m1)

= Sup{pa(mi) A pa(ms
< Sup{pa(mi —my) : f(m
< Sup{pa(my —mo) : f
ZWmWrWﬂ
Thus pupay(wi —w2) > ppeay(wi) A pgay(wz). Similarly, we can show that

= wi)}] A [Sup{pa(msz) : f(m2) = wo}]
) s f(m1) = wy, f(ma2) = wa}
E ):w f(m2) = wa}

1
mg) = wy — wa}

vy (wr = wa) < vy (w) Vv (ws).
Furthermore, for all wy € My and r € R, we have
ppay(wr) = Sup{pa(m) : f(m) = wi}] < Sup{pa(rm) : f(m) = w1}
= Suplpa(rm) : f(rm) = rwy)}
= fp(a)(rw).
Thus, f1pca)(rwi) > prpeay(wr). Similarly, we can show that vy a)(rwi) < veeay(wr).
Also, it is clear that pif(4)(61) = 1 and vf(4y(61) = 0. So, f(A) is an intuitionistic
L-fuzzy submodule of Mj.
Next, we show that f(A) is an intuitionistic L-fuzzy prime submodule of Mj.
Since A is an intuitionistic L-fuzzy prime submodule of M, so A is of the form

’ .
« , otherwise,

)

1, ifzeN 0, ifzeN
pa(z) = . .5 ovalz) =
«, if otherwise

for all x € M, where o is complement of the prime element v in L and N = A, is
a prime submodule of M.

We first claim that if A, is a prime submodule of M and xgery C A, then f(A,)
is prime submodule of Mj.

Let © € Xgery. Then gy, () =1 < pa(x) and vy, (x) = 0 > va(z). Thus
pa(x) =pa(f) and va(z) =va(f). So x € A.. Hence kerf C A.,.
8
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Forallr € R,w € My, rw € f(A,), there exists z € A, such that rw = f(z). Since
f is an epimorphism, there exists m € M such that rw = rf(m) = f(rm) = f(2).
Now, rm € A, and A, is a prime submodule of M. Then either m € A, or rM C A,.

Ifm e A, thenw = f(m) € f(A.) andif rM C A,, thenrM; = f(rM) C f(A,).
Thus f(A,) is a prime submodule of M;. Since « is a prime element in L, by Theorem
3.6, for all w € My,

1, ifwe f(A,)
a, if otherwise ’

0, ifwe f(AL)
0/, otherwise.

ppay(w) = { viay(w) = {

So f(A) is an intuitionistic L-fuzzy prime submodule of Mj. O

Example 4.3. Let f be a homomorphism from Z to Z defined by f(x) = 2z, and
let

(2) 1, ifxe3Z (@) 0, ifxe3z
x = , 17 =
pa 0.25, if otherwise 0.75, otherwise

be an intuitionistic L-fuzzy prime submodule of Z. Then
FA)(0) = (Sup{pa(z) : f(n) =0}, Inf{va(z): f(n) =0})
= (114(0),4(0)) = (1,0)

FA)M) = (Sup{pa(x) : f(n) =1}, Inf{va(z) : f(n) = 1})
=(0.1) [As f71(1) = 2.
Similarly, we can find that f(A)(3) = f(A)(5) = (0,1) and f(A4)(2) = f(A)(4) =
(0.25,0.75) and so on. Thus we get

and

1, ifze6z 0, ifze6Z
pray(r) =4025, ifxe2Z—-6Z; vpal(r)=1075 ifzec2Z—-6Z
0, ifzeZ-2Z 1, ifeeZ-27

is not an intuitionistic L-prime fuzzy submodule of Z. This shows that the assump-
tion that f be an epimorphism in Theorem 4.2( cannot be dropped.

Theorem 4.4. Let f be a R-module epimorphism from M to My. If B is an
intuitionistic L-fuzzy prime submodule of My, then f~Y(B) is an intuitionistic L-
fuzzy prime submodule of M.

Proof. Let B be an intuitionistic L-fuzzy prime submodule of M;. Then

1, ifx e B, 0, ifze B,
pe(x) = . .3 ve(®)=
«, if otherwise

for all z € M, where o' is complement of the prime element « in L and B, is a
prime submodule of Mj.
We first show that f~1(B,) is a prime submodule of M.
For all r € R,m € M, if rm € f~Y(B.), then f(rm) € B, , i.e., rf(m) € B.. As
B, is prime submodule of M, either f(m) € B, or rM; C B,.
9
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If f(m) € Bs, then m € f~(B,) and if rM; C B,, then rf(M) = f(rM) C B,
Thus *M C f~1(B.). So

1, ifxef B, s (z) = 0, ifzef (B

— €Tr) = 5 ’ .
i) (@) o, if otherwise «, otherwise.

Hence f~1(B) is an intuitionistic L-fuzzy prime submodule of M. O

5. CONCLUSION

As the study of modules over a ring R provides us with an insight into the
structure of R. In the same way the study of intuitionistic L-fuzzy modules provides
us with an insight into the structure of lattice L. In this paper, we have given
a characterization of intuitionistic L-fuzzy prime submodules and also investigate
the behaviour of intuitionistic L-fuzzy prime submodules under R-homomorphisms.
This is useful for the further study of intuitionistic L-fuzzy modules.
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